The problem of a stationary liquid toroidal drop freely suspended in another fluid and subjected to an electric field uniform at infinity is addressed analytically. Taylor's discriminating function implies that, when the phases have equal viscosities and are assumed to be slightly conducting (leaky dielectrics), a spherical drop is stationary when Q = (2R 2 + 3R + 2)/(7R 2 ), where R and Q are ratios of the phases' electric conductivities and dielectric constants, respectively. This condition holds for any electric capillary number, Ca E , that defines the ratio of electric stress to surface tension. Pairam and Fernández-Nieves showed experimentally that, in the absence of external forces (Ca E = 0), a toroidal drop shrinks towards its centre, and, consequently, the drop can be stationary only for some Ca E > 0. This work finds Q and Ca E such that, under the presence of an electric field and with equal viscosities of the phases, a toroidal drop having major radius ρ and volume 4π/3 is qualitatively stationary-the normal velocity of the drop's interface is minute and the interface coincides visually with a streamline. The found Q and Ca E depend on R and ρ, and for large ρ, e.g. ρ ≥ 3, they have simple approximations: Q ∼ (R 2 + R + 1)/(3R 2 ) and Ca E ∼ 3 √ 3πρ/2 (6 ln ρ + 2 ln[96π ] − 9)/(12 ln ρ + 4 ln[96π ] − 17) (R + 1) 2 /(R − 1) 2 .
Introduction
The problem of deformation and break-up of a liquid drop freely suspended in another fluid under the presence of an electric field arises in a number of phenomena and applications including thunderstorm formation [1] , microfluidics, bioimaging and efficient drug delivery [2] [3] [4] . Taylor [5] and all nonlinear effects, including inertia and charge convection, are neglected, then depending on the ratios of the phases' electric conductivities, dielectric constants and viscosities, i.e. R, Q and λ, respectively, the initially spherical drop can become prolate, oblate or remain spherical. Since then there have been numerous theoretical and experimental studies focusing on the analysis of steady spheroidal shapes [6] [7] [8] . However, there is extensive evidence on the existence of toroidal shapes that drops can assume in a number of processes, for example in rotating fluids [9, 10] , during free fall in immiscible fluids [11, 12] , after impact with a solid surface [13] , in drop sedimentation [14, 15] , under the presence of electric and magnetic fields [16] [17] [18] , etc. (see [19] for a detailed discussion of these and other relevant phenomena). Studies [19, 20] have shown that, remarkably, spheroidal and toroidal shapes are two stationary solutions of the same problem when a drop is placed in a compressional flow-in the first case, the drop is initially spherical; in the second, toroidal. Also, demonstrated experimentally that, in the absence of external flows and other forces, a sufficiently fat toroidal drop freely suspended in another fluid shrinks towards its centre; see also [21, 22] . These studies raise the question of whether a drop, being initially toroidal, can be stabilized by merely a uniform electric field. If so, for what values of R, Q and λ would this be possible? This question could also be of interest from the perspective of drop shape control in microfluidics, bioimaging and efficient drug delivery [2] [3] [4] . This work presents an analytical approach to finding conditions under which a liquid toroidal drop freely suspended in another fluid would remain (almost) undeformed when subjected to a uniform electric field aligned with the drop's axis of revolution. Figure 1 shows a toroidal drop centred at the origin in a cylindrical coordinate system (r, ϕ, z) and having the axis of revolution coinciding with the z-axis. The distance from the origin to the centre of the torus' cross section is the torus' major radius ρ, whereas the radius of the circular cross section is the torus' minor radius a ≤ ρ (the case ρ = a corresponds to a closed torus). As in [5] , the drop and the ambient fluid are assumed to be viscous, incompressible and slightly conducting, and the effects of charge convection, inertia and gravity are neglected. The ratio of electric stress to interfacial tension is defined by the electric capillary number Ca E . It is also assumed that the drop and the ambient fluid have equal viscosities, i.e. λ = 1. There are two reasons for this assumption: (i) studies [8, 23, 24 ] on a spheroidal drop in a uniform electric field as well as the recent study [25] on a toroidal drop in a compressional flow show that the viscosity ratio has limited impact on the qualitative behaviour of the velocity field, and (ii) for λ = 1, the velocity field satisfying the velocity and stress
Problem formulation
Suppose a liquid toroidal drop of volume 4π l 3 /3 is freely suspended in an unbounded fluid under the presence of an electric field, which at infinity is uniform and is aligned with the drop's axis of revolution (l is the radius of an equal-volume sphere). The drop and the ambient fluid occupy regions D + and D − , respectively, with common boundary (interface) S, so that D + ∪ D − = R 3 . They are assumed to be slightly conducting (leaky dielectric) viscous incompressible fluids with corresponding viscosities μ ± , dielectric constants ε ± and electric conductivities σ ± . Let
The problem then is to find conditions under which the toroidal drop remains (almost) stationary, i.e. undeformed, in the setting of the Taylor-Melcher leaky dielectric model [6, 7] . Such drops will be referred to as 'stationary' circular tori. Further the problem will be formulated in a system of cylindrical coordinates (r, ϕ, z) with the basis e r , e ϕ , e z , in which the drop is centred at the origin and the drop's axis of revolution coincides with the z-axis (figure 1). 
(a) Electric field
In the absence of a magnetic field and electric charges inside and outside the drop, the stationary (quasi-static) electric field E ± in D ± is irrotational and divergence free
and E − approaches E ∞ e z at infinity, where E ∞ is constant. Let n be the outward normal for the interface S, and let E
Since the drop and ambient fluid have different electric properties, Gauss's law implies that there is induced surface charge with density (distribution):
where ε 0 is the vacuum permittivity, and, at a steady state, the current conservation at the interface takes the form
where u is the fluid velocity at S (u is continuous across S) and div S is the surface divergence [7, eqn (30) , 28, §2.2].
(b) Velocity field
Let p ± and u ± be the pressure and the velocity field in D ± , respectively. Under the assumption of negligible inertial, gravitational and thermal effects, the steady-state fluid flow in D ± is governed by the Stokes (creeping flow) equations:
with u ≡ graddivu − curlcurlu. The velocity field u ± is continuous across the interface and, along with the pressure, it vanishes at infinity,
With the stress vectors P ± n determined by 2
a force balance across the interface yields the boundary conditions for the stress
where γ is the interfacial tension, div n is the local mean curvature of S and (
and where the second term on the right-hand side is the interfacial jump (T − − T + )n of the Maxwell stress tensors T
due to the electric field and the difference in electric properties of the drop and the ambient fluid [8, 23] .
The drop is at a stationary state (or the shape of the drop is stationary) when the interface has zero normal velocity, i.e. u 8) which is called the kinematic condition.
Observe that boundary conditions (2.3) and (2.6)-(2.7) couple E ± and u ± and are nonlinear. Together they make analytical treatment of (2.1)-(2.7) prohibitive. The right-hand side in (2.3) represents surface charge convection, which makes drops at stationary state more prolate and 2 Expression (2.6) holds for any curvilinear coordinate system, whereas in Cartesian coordinates components of P ± n can also be expressed by −p
and n i are components of the velocity field and outward normal, respectively, and ', j' denotes the derivative with respect to the Cartesian coordinate j. whose effect is more pronounced for oblate drops [29] [30] [31] . However, under certain conditions, it can be neglected, and, consequently, finding of E ± can be decoupled from that of u ± .
(c) Non-dimensionalization and simplifications
Further, the dimensions (r and z), E ± , q, u ± and p ± are rescaled by l, E ∞ , 0 − E ∞ , U and μ − U/l, respectively, where l is a characteristic length (radius of an equal-volume sphere) and U = l 0 − E 2 ∞ /μ − is a characteristic velocity. After rescaling, the toroidal drop has a volume of 4π/3 and its (rescaled) major and minor radii are denoted by ρ and a, respectively.
In dimensionless form, (2.3) can be rewritten as 9) where Re E is the electric Reynolds number defined as the ratio of the charge relaxation time scale
As in [6] [7] [8] 28] , it is further assumed that τ C τ F , which implies that Re E 1 and, consequently, the effect of charge convection can be neglected. (This assumption will be justified in §4c in the light of the obtained results.) In this case, (2.9) simplifies to E + n = R E − n on S and complete boundary conditions for dimensionless E ± are given by
Now finding of E ± is decoupled from that of u ± . Then curlE ± = 0 in (2.1) implies that E ± can be represented through electric potentials Φ ± by E ± = −grad Φ ± , and the electrostatic problem (2.1) and (2.11) is reformulated in terms of
For the toroidal drop, whose axis of revolution coincides with the z-axis (figure 1), the system of equations (2.4)-(2.8) and (2.12) is axisymmetric: E ± , u ± and p ± are independent of the angular coordinate ϕ,
and vorticity functions ω ± = ω ± (r, z) are introduced by
∂r .
Yet another assumption is that the phases have equal viscosities, i.e. λ = 1. The reasons for this are discussed in §1. In this case, the dimensionless stress boundary conditions (2.7)-(2.6) simplify to
where (2.13a) and (2.13b) are the normal and tangential stress balance, respectively, and where Ca E is the electric capillary number defined as the ratio of the electric stress to the interfacial tension
Thus, under the assumption of Re E 1, Φ ± is to be found from (2.12); and for λ = 1, the problem for finding a stationary shape simplifies to solving (2.4), (2. with respect to u ± and S. This problem is linear with respect to u ± , but is nonlinear with respect to S. As a result, it may admit more than one stationary shape for the same R, Q and Ca E , e.g. spheroidal and toroidal shapes. While stationary spheroidal shapes have been extensively studied since Taylor [5, 33] , the existence of stationary toroidal shapes is believed to be an open issue. For a numerical approach to finding stationary shapes, see [8,23,34, algorithm 1] . The goal here is to gain analytical insight into the relationship of R, Q and Ca E for 'stationary' circular tori.
Electric field for toroidal drop
In figure 1 , the cross section of the toroidal drop in the meridional rz-half plane is a coordinate curve ξ = ξ 0 ≡ arccosh(ρ/a) in toroidal coordinates (ξ , η) related to r and z by
where c is a metric parameter (figure 2). The torus' major and minor radii are determined then by ρ = c coth ξ 0 and a = c/ sinh ξ 0 , respectively, and the interior and exterior of the torus correspond to ξ ∈ (ξ 0 , ∞) and ξ ∈ [0, ξ 0 ), respectively (figure 2). A drop volume of 4π/3 implies that 2π 2 ρa 2 = 4π/3 and a, ξ 0 and c can be expressed in terms of ρ as a single free parameter,
.
In this case, the unit vectors normal and tangential to the drop's surface S are determined by
where s = [n × e ϕ ], and the normal and tangential derivatives on S take the form
In the toroidal coordinates, Φ ± are represented by Fourier series [35, §6] ,
and 
are the associated Legendre functions of the first and second kinds, respectively (for k = 0, the superscript is omitted).
With the Fourier expansion
and
respectively, where
and substituting it into (3.3b), we obtain the second-order difference equation
with respect to A m , where
Appendix A presents two approaches to analytically solving a general second-order difference equation. Since the series (3.2) imply that A m → 0 as m → ∞, the solution of (3.4) takes the form
where X m and Z m are determined recursively by
As a verification and illustration of the solution (3.5), figure 3 shows electric and equipotential lines for a leaky dielectric toroidal drop with ρ = 1 and ρ = 2 for R = 0.01, 0.5 and 100. They are perpendicular to each other and are determined by E for a constant C), respectively, where E ± r = −∂Φ ± /∂r and E ± z = −∂Φ ± /∂z with Φ ± given by (3.2) and with
Appendix B shows that for υ 1, which corresponds to ρ 1, A + 1 and A + 2 behave as In the meridional rz-half plane, the cross section of a circular torus having volume of a unit sphere, i.e. 4π/3, can be parametrized by
where ρ ≥ ρ 0 = (3π/2) −1/3 ≈ 0.596 with ρ 0 corresponding to a closed torus (with no opening). Then 8) and (3.2) with (3.6) yields
With boundary conditions (2.11), the dimensionless surface charge density (2.2) is given by q = (1 − RQ)E − n ≡ −(1 − RQ)∂Φ − /∂n, and (3.9) implies that the asymptotic behaviour of E − n is determined by 
where ζ = r + i z and τ = r 1 + i z 1 with i = √ −1, F(τ ) and dτ are complex conjugates,
which follows from (2.13a) and (2.13b), and where the kernels K 1 and K 2 are defined by
with χ 2 (ζ , τ ) = 4r 1 r|τ +ζ | −2 and
being complete elliptic integrals of the first and second kinds, respectively. In this case, the pressure and vorticity inside and outside the drop are represented by formulae (3.9) and (3.10) in [34] , where Ca −1 div n should be replaced by F defined by (4.2). The integral representation (4.1) follows from the Cauchy integral formula for r-analytic functions [34, 36, 37] . Now, is parametrized by (3.7), and cosh ξ 0 and η in F E in (4.2) with (3.2) are expressed in terms of ρ and t by (3.8). With parametrization (3.7), ζ (t) = r(t) + i z(t), n(t) = e r cos t + e z sin t and div n(t) = 1 a
The representation (4.1) readily yields asymptotic behaviour of the normal velocity u + n on for large ρ: 
In fact, u ± can be represented in terms of stream functions Ψ ± similar either to (2.8) in [25] or to (61) in [35] . However, finding a series-form solution for Ψ ± in the toroidal coordinates requires integrating (2.13a) and (2.13b) with respect to η and then re-expanding the resulting expression into a Fourier series. Since the electric potentials Φ ± are involved in (2.13a) and (2.13b) quadratically and are represented by infinite series (3.2), this approach is expected to have little advantage (if any) over (4.1).
(b) Kinematic condition
Taylor [5] showed that, under the presence of a uniform electric field when λ = 1, a spherical drop remains spherical when R and Q are related by (1.1). For (R, Q) below/above the graph (R, Q(R)) with Q(R) given by (1.1), a spherical drop becomes prolate/oblate. The question here is for what values of R, Q and Ca E a toroidal shape with major radius ρ and volume 4π/3 remains stationary (undeformed) or close to being stationary. In other words, is there a relationship similar to (1.1) for a circular toroidal shape? On the one hand, Ca E cannot be arbitrary, since a toroidal drop shrinks towards its centre when Ca E = 0 [10] . On the other hand, the asymptotic behaviour (4.4) shows that if 3R(QR − 1)
n is on the scale of the torus' minor radius a, so that with arbitrary R and Q a circular torus cannot be approximately stationary for large ρ. This suggests that there should be conditions on both Ca E and Q. A straightforward approach to this problem is to minimize a square error of u + n over with respect to Q and Ca E [19, 23] .
Let
where ζ = r + i z ∈ and ∂ζ /∂n = e it , t ∈ [−π , π ], then, with (4.1) and (4.2), u + n takes the form
and minimization of the square error of u + n over with respect to Q and Ca E is given by
where ζ = r(t) + i z(t) with r(t) and z(t) parametrized by (3.7) and where ds = a dt is the curve length element. 
Thus, a circular toroidal shape is 'stationary' when Q = Q(R, ρ) and Ca E = Ca E (R, ρ) with Q(R, ρ) and Ca E (R, ρ) determined by (4.6) provided that Q(R, ρ) ≥ 0 and Ca E (R, ρ) ≥ 0.
With (4.4) and ds = a dt, (u + n ) 2 ds takes the form
Minimization of (4.7) with respect to Q implies that the coefficient at ρ −1 should vanish, in which case the remainder in (4.7) is O(ρ −9/2 ln ρ) as ρ → ∞, and then, as the second term in (4.7) does not depend on Ca E , minimization of (4.7) with respect to Ca E implies that the coefficient at ρ −4 in the third term in (4.7) should vanish. Thus, the asymptotic behaviour of Q(R, ρ) and Ca E (R, ρ) in (4.6) as ρ → ∞ is given by
and Ca E (R, ρ) ∼ 3 3π 2
With (4.8), (4.4) simplifies to
(c) Numerical results Table 1 presents Ca E (R, ρ) and Q(R, ρ), determined by (4.6), and corresponding values of the averaged absolute normal velocity Q(R, ρ) ), an initially spherical drop becomes oblate. Since, in the absence of an electric field, a toroidal drop shrinks and, during this process, the drop's cross section becomes more and more prolate (though not symmetric) [19, fig. 8 ], this suggests that, for 'stationary' toroidal drops, the relationship Q = Q(R, ρ), which is solely responsible for controlling )) for large ρ on a log-log scale. In (a), the dotted curve is determined by (1.1) and corresponds to a stationary spherical drop. In (b), the solid and double-dot-dashed curves visually coincide. Table 1 . Ca E (R, ρ) and Q(R, ρ), determined by (4.6), and the corresponding value of u + n defined by (4.10). the tangential stress balance (see (2.13b)), 4 is critical for keeping the shape of the cross section close to circular. Figure 5b shows that, as a function of R, Ca E (R, ρ) increases on (0, 1), decreases on (1, ∞) and is unbounded as R → 1. In other words, the closer the electric conductivities of the phases, the greater strength of the electric field is required to keep the circular toroidal shape undeformed.
Figure 5b also shows that Ca E (R, ρ) visually coincides with its asymptotic approximation in (4.8) for ρ = 5: the relative difference between Ca E (R, ρ) in (4.6) and in (4.8) for ρ = 3 and ρ = 5 is less than 2% and 1%, respectively, for all values of R in table 1. As a function of ρ, Ca E (R, ρ) increases on [1, ∞) and is of O( √ ρ) for large ρ (figure 7), which indicates that thin tori require an electric field of greater strength to be stationary. Note that Ca E (R, ρ) and Ca E (1/R, ρ) in (4.6) have the same asymptotic behaviour-the right-hand side in (4.8) for Ca E (R, ρ) is invariant with respect to replacing R by 1/R. Also, figure 5a implies that, as in (1.1), Q(ρ, R) → ∞ when R → 0 for any ρ.
The fact that the effect of surface charge convection is stronger for oblate drops (it makes them less oblate) [29] [30] [31] and that it increases with the strength of the electric field suggests that, for the case of Q(R, ρ) and Ca E (R, ρ) in table 1, the effect may not be insignificant. However, (2.10) and (2.14) show that, while Ca E is large, Re E can still be small; for example, when E ∞ is small but l and γ are such that γ /l 0 E 2 ∞ or when E ∞ is not small but σ − and μ − are such that σ − μ − ( 0 E ∞ ) 2 . In these cases, neglecting surface charge convection is well justified. Figure 8 shows profiles of the normal velocity u + n on the surface of 'stationary' circular torisince u + n is minute, the initially circular cross sections will deform but only slightly. Corresponding streamlines can be found as solutions of the system
with initial point (r(0), z(0)) = (r 0 , z 0 ), where (r(s), z(s)) is the natural parametrization of (r, z) in terms of the curve length s. In contrast with ODEs z (r) = u z (r, z(r))/u r (r, z(r)) and r (z) = u r (r(z), z)/u z (r(z), z), this system allows a loop to be plotted in just one run. Figure 9 confirms that circular cross sections of 'stationary' tori almost coincide with streamlines even for non-large ρ, e.g. ρ = 1-'stationary' circular tori are, in fact, qualitatively stationary. Observe that the streamline 'dividing' the circular cross section is tilted to the right for R < 1 and to the left for R > 1. For large ρ, this difference disappears-even for ρ = 2, the 'dividing' streamline is almost vertical for R = 0.01 and R = 100, and figure 9b, figure 9d and figure 9f look almost identical. Also, figure 9 shows that the centres of 'stationary' tori cross sections are almost stationary. This suggests that one of the conditions on Ca E and Q can be approximated by u + r (ρ, 0) = 0. However, a second condition would still be needed-the condition u + r (ρ, 0) = 0 alone does not imply that the coefficient 3R(QR − 1) − (R − 1) 2 in the leading term in the asymptotic behaviour (4.4) vanishes.
Conclusion
An analytical approach to finding conditions under which a toroidal drop freely suspended in another fluid and subjected to an electric field uniform at infinity remains (almost) stationary, i.e. undeformed, has been presented. Both phases are assumed to be slightly conducting (leaky dielectrics) viscous incompressible fluids with equal viscosities, and nonlinear effects of inertia and surface charge convection are neglected. On the one hand, the fact that in the absence of any forces, i.e. when Ca E = 0, a toroidal drop shrinks towards its centre [10] indicates that conditions for stationary toroidal drops should involve Ca E . On the other hand, the asymptotic behaviour (4.4) of the normal velocity of the interface for large ρ shows that u + n is on the scale of the torus' minor radius a: u + n ∼ C a cos[2t] as ρ → ∞, where C is a constant that depends on R and Q but not on Ca E (see (4.4)), i.e. a circular torus cannot be a stationary shape for arbitrary R and Q for large ρ. Thus, a circular toroidal drop can be stationary only for certain Q and Ca E -a square error of u + n over the interface can be minimized with respect to Q and Ca E , in which case optimal Q = Q(R, ρ) and Ca E = Ca E (R, ρ) are unique and determined by (4.6). In fact, the optimal value of the error is not identically zero but is quite small-for different R and ρ, the order of the corresponding averaged absolute normal velocity, u + n , ranges from 10 −6 to 10 −2 (table 1), and the streamline plots ( figure 9) show that the circular cross section of the toroidal drop almost coincides with a streamline-for ρ ≥ 2, it coincides visually with a streamline for R ∈ [0.01, 0.5] ∪ [2, 100]. Thus, with (4.6), circular tori are qualitatively stationary-if they are allowed to deform, then cross sections of true stationary toroidal shapes are expected to be quite close to circles. In fact, for toroidal drops in a compressional flow, quasi-stationary simulation of drop dynamics found stationary shapes with u + n on the scales of 10 −5 and 10 −4 [19, table 4] , 5 whereas table 1 shows that u + n here is already on the scale of 10 −4 and even 10 −5 for ρ ≥ 1.5. Thus, for the values of Q, Ca E , R and ρ ≥ 1.5 in table 1, toroidal shapes with circular cross section can be regarded as (or would compete with) stationary shapes found numerically. For large ρ, and even for ρ ≥ 2, Q(R, ρ) and Ca E (R, ρ) can be approximated by (4.8) .
The future research includes extending (4.6) and (4.8) for arbitrary viscosity ratio λ and investigating how a toroidal drop with initially circular cross section would deform under an electric field for arbitrary R, Q, λ and Ca E . The first approach is more computationally straightforward and can be readily extended to solving systems of second-order difference equations. However, the second one could be more useful in establishing the asymptotic behaviour of A m as υ → ∞. In particular, the second approach is used in appendix B in asymptotic analysis of (3.5) for large ρ. For other approaches to solving (A 1), see [38] .
Appendix B. Asymptotic analysis of (3.5) for large ρ For large ρ, or, equivalently, for large υ (see (3.8) ), the behaviour of the coefficients A m determined by (3.5) is analysed as follows: 
